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REMARKS ON THE FIRST MAIN THEOREM IN
EQUIDISTRIBUTION THEORY. IV

H. WU

1. The purpose of this paper is to prove three theorems; their raison
d’étre will be given in § 5 where a formulation and discussion of some open
problems of the subject will also be found. The first two theorems have to do
with holomorphic mappings into C*. Let us first recall some notation from
Part III [16]. Let z,: C* — R be 7, = 3 Z;Z;, and let

(1) woz%ddcrz————vz_lZdzi/\dZi.

w, is the Kidhler form of the flat metric on C*, whose volume element is

=
2

(2) m=w9=(

' >"dzl/\dzl/\.--dzn/\dz,,.
n!

The first theorem is a derivative of Theorem 1 of Part IIT [16].
Theorem 1. Let f: C* — C* be holomorphic such that df is nonsingular
somewhere, and let C* = {z: 24 L e — 1) Writef = (s -5 fa). Then

f is quasisurjective if
(3)

lim inf 1 f oot
" " dt j‘ frap_ J, L+ D22 + Lffo
) Y a7 z
t i

There is a corollary to this theorem. Introduce the notation:

oA Frop= L _ap,
(4) n
f*w(,' = 0‘2‘(1)(7,‘ .

Then ¢%_, and ¢% are respéctively the (n — 1)-th and the n-th elementary
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symmetric functions of the matrix {; —z—f;— i?} . In other words ,
i 5

(5)

- fp 2 o (2]

where ¢ runs through all permutations of {1, ---,i — 1,i + 1, .-, n},el0) is
the sign of the permutation, and the roof A indicates that the corresponding
factor is omitted.

Corollary. For f: C* — C” as above, if, for some positive K,

n-1

6) 1o V' <k det(?ﬁj) —
( (non—l) < m ' 1+Z_Z:Zizz‘ )

then f is quasisurjective.
When the domain manifold is replaced by a general V' with a convex
exhaustion, we have the somewhat weaker result:

Theorem 2. Let f: V — C* be holomorphic, where V has dimension n
and a fixed convex exhaustion t and df is nonsingular somewhere. Write V[r]
= {p: t(p) < r} as usual. Then f is quasisurjective if the following two condi-
tions hold :

(7) lim inf 1 ddc AfFap™ = 0,
dt f U,
0 V(]
(8) Jim inf 1 d e Afzr™) = 0 .

dt f U,

0 V[t]

For the third theorem, let V be as above, M an n-dimensional compact K#hler
manifold and f: ¥ — M a holomorphic mapping. Then the holomorphy of f
implies that for each a e M,

0< n(r,a) < n(r,a,

if r, < r,. So the following definition is meaningful :
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(9) nlV,a) = lim n(r,a) .

Theorem 3. Let f: V — M be holomorphic, where dim V = dim M, V
admits a fixed convex exhaustion r and M is compact Kihlerian with Kihler
form x. Assume that n(V, f(u)) is a fixed finite constant n, for almost all ve V.
Then a necessary and sufficient condition for f to be quasisurjective is that for
every C? function ¢ on M,

(10) lim —1_ [ aftpAderAfrert =0
T T(r) V(r]

If f: V—>M is an analytic cover over f(V), then the condition that
n(V, f(»)) = n, for almost all v € V is met. In particular, every holomorphic
imbedding f would do; such is the case of the Fatou-Bieberbach mapping.
This theorem should be improved in two respects: the restriction on n(V, f(v))
should be removed and the intrinsic geometric structure of V' and M should
be invoked in place of the ring of C? functions on M.

2. This section proves Theorem 1 and its corollary. First recall that an
(n — 1, n — 1) form 7 is positive (Part I [12]) iff locally there exist (n — 1,
0) forms ¢, such that

'y = (W=D 56,70,

where sign = (n — 1)%. Similarly, a (1, 1) form ¢ is positive iff locally there
exist (1, 0) forms &, such that

Given two real (n, n) forms @ and A, we write @ > A iff @ = ¥, 4 = ¥,
and the real functions ¢ and 1 satisfy ¢ > 1. Note that if 5 is a positive (n—1,
n — 1) form, and ¢, {’ are positive (1, 1) forms, then clearly: (1) AL > 0,
- (2) L™V s positive, and (3) A + &) > AL

Now the Kihler form of the Fubini-Study metric on C* is (Part III [16], .
§2):

. —1 5 V-1 5 3

an @ 2 0+ xnz2) 2 A+ 2 22)

and the volume element is

r 1
12 ro=9 - w
(12) ' n! 1+ 32 zz)"
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Furthermore,

(13) f%:
In view of (1), we may rewrite (11) as

o= g AT
1+ Z z,2) 2
where 7, = log (1 + 3 2,Z,) as usual. wy,w, as well as d’z/\d'r, are positive

(1,1) forms. If f: C* — C™ is holomorphic, then f*w,, f*w, and f*(d'z, Ad'z,)
are also positive. Therefore, the remarks above imply that

¥ n—1 £ 3 n-1
o A (f*o) <————(1 - Z ) (Ffo,)
< Wy fwu A * O)n—'z
=0+ naz) u+zu>(m
_<_ .
< W, : (fro)"

) (1 + Zzzzz) (l + Z:ff_/_‘i)"-x )

By Theorem 1 of Part Il [16], f: C* — C* C P, C is quasisurjective if

fwl/\f*wl""

(14) limjnf ¢ — =0
[Ta [,
¢ CZL

Hence, if (3) holds, the above inequality together with (12) will imply that
(14) is satisfied. This proves Theorem 1.

The proof of the corollary is patterned after the proof of Theorem 3 of
Part I11. We wish to show that (6) entails (3). To this end, first observe that
(6) is equivalent to:

(15) Sl + 232.2)" Aln/(n 1 < KVin-ng 1+ ZZZ e
a(l + Zfiji)7l_‘ J 1+ Z fzsz .

For brevity, let us denote the left side of (15) by ¢**~", and the right side
by K"/®=b¥"_ Then (4) and (12) imply that
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1 J‘ WA ' _
f’dtf frof_ i A+ Zz2)A + Zff*)
A D ' -

‘ f¢qf1

C7

frdt fgb%
] C?
(r=1)/n 1/n
o) )
c? c7
frdt fgb%
c

A

(Holder’s Inequality)

0

(n—=D/n
(f <P'n/(n—l)¢‘1)

< const. —&—— (13)
fdt fgbqfl
0 C;"‘
(n—-Ln
)
L
J‘Tdtfgbqfl
. cl

n-1)/n
Let g(¢) = (fgallfl)( ? . To prove (3), it suffices to prove:

<

< const. (15)

i g(r) —0.
f g(t)n/(n-l)dt

[

lim inf

reo

Let G(r) = frg(t)"/‘"“dt. Then it is equivalent to proving:
0

kminf_ G0 _
== G(r)M Y

By a well-known lemma (Cf. Lemma 7.2 of [8]), if 1 < k < rn/(n — 1), then
G’(r) < G*r) on an infinite sequence of real numbers diverging to infinity.
Hence,
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0<liminf — 90 fiminf___ 1 _o,
T—+co G(r)n/(n—l) T—w G(r)(n/(n—l))—k

because n/(n — 1) — K > 0and G(r) —» + o as r — + co. g.e.d.

Note finally that using the idea of the above proof and invoking Theorem
5.1 of Part IT [13], we can get a result quite similar to Theorem 2 of this
paper.

3. We now come to Theorem 2. The proof is a technical variation of that
of the theorem in the Appendix of Part III [16], so it will only be outlined.
On the other hand, there is a high probability of confusion in the symbols
employed, so we shall be careful in this respect.

Ifz=(z,---,2,)eC" let ||2]| = (3] z,Z)"%. Define

£ = —1 1
S.@n—2) llz—ap "
where §,, = % is the volume of the unit sphere in C*. If 4 =
n— D!
_ 2
——1— d — is the Laplacian of the flat metric of C”, then it is classical
that
(16) AEa. = —50. 5

where §, is the Dirac measure at a as usual. If
4 .
=~ —(ZzZ¥, = 4 ¥,
n n

and 7, = ¢ + &,, then
an A, =¥, — 8, .

Introduce the notation

Az, = AHADZ)A - - - AL AZIA - - - ANdz, AL
d/‘\zi - (dZI/\dzl)/\ A /\(dzi/\ci\zz)/\ b /\(dzn/\dzn) .

If we denote by p, = 67, = —*d*=,, then

(18) ta = 0O + ! (\/—1 )n ! Z(Zi—az)a\zi—(Zi—ai)d/zi.
S V2 llz — al* =

Since dy, = dén, = dr, = ¥y — 3,, We have
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(19) dp, =¥, in C"—{a}.
Let i, = — An,; then § = Ad° — d°A implies
(20) ' Uo = dAg ,

4 1 1
21 20. — 7n~1 n—1 .
@n G- T D i e

So clearly 2, is a positive (n — 1,n — 1) form.

Suppose D is a compact complex manifold with boundary, and f: D — C"
is holomorphic. Let a ¢ C*, and f-'(a) be finite and disjoint from 6D. Then
(18) — (20) lead to

22) f ¥, = n(D, a) + f d*2, .

(Cf. the proof of equation (21) in Part III {16].) The rest is familiar by now.
Let f: ¥V — C™ be holomorphic as in Theorem 1, and let a be a regular value
of f. The reasoning in §2 of Part II [13] leads to

3) f "n(t, a)dt = f "dt f P, — fdw\ %,
7o FA 403 avir]
+( f de Af* 2, + f f*za/\dd°r>.
av[re] VIrl-V[rel
If f is not quasisurjective, let £ be a bounded measurable subset in

C* — f(V) such that fwo = ¢ > 0. We now integrate (23) with respect to a

E
and ¥, over E. At this point, we again refer the reader to Part II [13, §§4-5]
for a discussion of how the positivity of dd°z and 2, and Fubini’s Theorem
justify the interchanges of order of integration in the sequel. Since n(t,a) = 0
. for all t and for all ae E,

f v, f (e, @)dt = f "dt Un(t, a)wo> =0.

Thus (23) leads to
0=ef’dsz*wo-fwo f de AfF 2,
7, E

o V(e aVir]

+ f wo( f de AP + f f*za/\ddcf)

3V 7o) V{r]-V{rd
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> ef’dt ff*llfo—fllfo fd%/\f*za,

To 1412 E aV(irl

because the other term is positive. Since E is bounded, we may assume it to
be contained in the closed ball B of finite radius p in C”. Furthermore,

d°z A\ f*2, is a positive function of a, so that

av([r]

0>sf d:ff*qfo fw’ojd%/\f*z

To Vel 2v(r]

>ef dsz*w., f fdcf/\f*za

Vel avir]

:efdtff*!lfo— J‘cicz'/\f*(l){,“1

ra Ve vV r]

X f* <~I[( (n jro1)!n + 4(n —{ Dz |z ——lall“‘z )?Ifo(a))

by virtue of (21). Now,

4z, _
j‘mwo(ﬂ) =Cr,

f 1
4(n — 1)7: Iz — af*~!

wo(a) g Cl )

where C and C’ are finite constants, which depend on p but are mdependent
of r and a. (Cf. Lemma in the Appendix of Part III [16].) So the above
inequality becomes

0> f "dt f w, — f (Cry + C)doe A f*ap-!

ro Vt] v ([r]

=ef (10— [ @cnrer) - ¢ [ dearap

To Vel . av(r] av([r]

—ef dtff*?lf —C f dee AfH(zr?) — C fdd”r/\f*w{,‘“,

0 V[t] V[r] Vir]

where the last step is due to Stokes’ theorem and the fact that do}™! = 0.
Thus, if (7) and (8) are true, then the above inequalities would imply 0 > «
- > 0, a contradiction. Therefore f is quasisurjective.
4. Before giving the proof of Theorem 3, we make some general comments.
Let f: ¥V — M be a holomorphic mapping between complex manifolds of the
same dimension as usual, and first recall equation (4) in §2 of Part II [13]:
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24)  N(r,a) = T() + f %3, Adder — f dee A f*2,

VIr]-vI[7ol v [e]

t=r
4

=79

It is necessary first to elaborate on the form 2,. From §2 of Part I [12], we
know that i, = (g(a, -) + K)A¥, where g is the kernel of the Green operator
G, and K is a constant so chosen that g + K > 0 on M x M (see equation

(9) of {12]). If p is any continuous function on M such that f o¥ =1, then
M

25) f 5@, y) + K)p@¥(@) = (Go)y) + K .

Note that Gp becomes a C' function (p. 157 of de Rham [5]). Suppose now
we integrate (24) with respect to p¥" and a over M. Always assuming that V
has a convex exhaustion, we have, by (25),

f "dt f n(t, a)p(@¥ (a)

— TG + f dd%/\f*A?If-f*( f (8a, ) + K)pzzf>

VIrl1-VIrol

- me dcf/\f*Aw-f*(l(g(a, )+ K|

—T0) + f *(Gp + K)ddee Nf* AT — f *(Gp + K)dec Nf* AW

VIrl-Viroel av[e]

7o

- T() + f (F*Gp)ddee A f* A — f (F*Go)der A f* AT

Vi{rl-V[re] vl
-
TJ )

+ K{ [ adensar — [ aenp
VIr]=Vral vl

But K{ } = O because of Stokes’ theorem and the fact that A¥ is a closed
form. As f*Gp is C', we may apply Stokes’ theorem once more so that

-
7

]

[(at fnt.d0@v@ =100 + [ *Gowdrense sy
Ty M VIr]1-VIrol
_ f d((F*Gp)doe A F* AT)
VIr]-¥irol

= T() — f df*Gp) A de ANf* AT

VIr]-¥lrol
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So finally we obtain

(26)

-1 f " f n(t, Qp@¥(a) = —L_ f A(f*Go) Nder Af* AW

" 0 vt

only under the assumption that p is continuous and that f o¥ = 1. This is

M
the basic formula we will use.

Now we come to the proof of Theorem 3. First assume f is quasisurjective.
By virtue of L’Hospital’s Rule and Lemma 6.2 of [8],

[a f n(t, )p(@¥(a) fn(r, D@V (@)

lim e M = lim
o T(r) T

o
vir]
f n(r, )p(a)¥(a)

= lim

o

f n(r, ¥ (a)

g

Since M — f(V) is a set of measure zero and, by assumption, n(V, f(v)) = n,
for almost all veV, we have that 112} n(r,a) = n, a.e. on M. Hence

Lebesque’s bounded convergence theorem implies that the above limit equals

f lim n(r, Dp(@¥(@ f o

% 1.
[timner, ¥ @ n ¥
M M
With this, (26) becomes
@7 lim —L f AFGo) Adec A AT = 0
== T(r)

vir)

for all continuous g such that f pM = 1. If now ¢ is agiven C* function on
M

M, then 4y is a continuous function. In particular, f (4d¢ + 1)¥T = 1 because

M
f(Ago)(F = 0. Thus for p = 4y + 1, (27) holds. But Gd¢ + ¢ = ¢, where
M
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c = f¢w (p. 157 of de Rham [5]). Furthermore, G1 = 0. Hence Gp =

G(dg + 1) = ¢ — ¢ and d(f*Gp) = df*e, which together with A¥ = _1'_,&—1
. nl!

prove that (10) holds. )
Next, suppose (10) holds for every C? function ¢ on M, and we must prove
that f is quasisurjective provided n(V, f(v)) = n, for almost all v ¢ V. Suppose

f is not quasisurjective; then ¥ = ¢ > 0. Since n, is finite, f(V) must

M- (V)
have interior. Let ¢ be a C~ function with support in f(') such that f o =
M

1. As before,
f "t f n(t, (@) (a) f n(r, D)p(@¥ (@)
lip o = lin
§ I(r) fn(r, alr

Let 5 be the characteristic function of the set f(¥) in M. Then our assumptions

imply that 1151010 n(r,a) = ny and fﬂf = (1 — ¢). So Lebesque’s bounded

: M
convergence theorem again implies that the above limit equals

flim n(r, a)p(@)¥(a) fx¢¢'
el _ _ 1

| tim nr, a7 w170
M M )

’

because support ¢ C (V) implies y¢o = ¢, and f ¢¥ = 1. So replacing p by
M
¢ in (26), we have

1 1
1 __._fd*G/\dv/\*Azlf=1— = —e<0,
,-LIE T(r) f @ Tf 1— 2 e <

virl

which contradicts (10) because Gg is C*.

5. In this section, we shall discuss some open problems in n-dimensional
equidistribution theory which seem to be of significance. In accordance with
the precedence set in Part I [12], the discussion will be centered exclusively
on the equi-dimensional case. So let V', M be complex manifolds of dimension
n, V open and M compact, and let s#(V, M) be the space of holomorphic
mappings from V into M equipped with the compact open topology (Cf. e.g.
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[14, §1]). In general, it is far from clear that #(V, M) has any member
whose differential is somewhere nonsingular even if we assume V to have a
convex exhaustion and M to be compact Kadhlerian. We shall therefore even
limit ourself to the case ¥V = C” and M = P,C in the following.

So denote #(C", P,C) simply by 5, and let Q stand for the subset in #
of all the quasisurjective mappings. One of the central objects of the study in
equidistribution theory is the “structure” of Q and s#— Q. More precisely:

Problem 1. Q has no interior and possesses isolated points.

Problem 2. Characterize the isolated points of Q.

Problem 3.  — Q has interior.

Problem 4. There are points f ¢ # — Q such that every neighborhood of
f in 5 contains points of Q.

Problem 5. Describe 5#, Q and # — Q in terms of arcwise-connectivety.

The above problems are admittedly difficult. As a first step, one might
consider the easier problems:

Problem 6. Construct a sequence {f,} such that f, converges to the inclu-
sion mapping C* C P,C but {f,} € #— Q.

Problem 7. Is the Fatou-Bieberbach mapping F': C*— C*C P,C (Bochner-
Martin [15, p. 45]) an interier point of 5 — Q?

Real progress will be made if one can get some insight into the Fatou-
Bieberbach mapping F. Recall that it is a holomorphic imbedding of C? into
C?, which omits a neighborhood of (1, 1). Since F(C? must be contractible,
F has to omit a much larger subset of C?. So one of the problems is to give a
precise description of F(C). In particular, describe the inverse image under F
of a sufficiently large neighborhood of (1, 1). Another approach to the same
problem is to prove a necessary condition for quasisurjectivity, and then to
prove directly that F violates that condition. Theorem 3 of this paper arose
from such an attempt and is in fact applicable to F. But as explained above,
the fact that it involves the ring of C* functions is not satisfactory. So one of
the urgent problems is to decide whether the converse of Theorem 1 of Part
III [16] is valid. In other words, we have

Problem 8. If f: C* — P,C is quasisurjective, then necessarily

fwlAf*x”"

. . n
lim jnf €2

T T = O
f dt ff*/c"
<}

0

An affirmative answer even for a holomorphic imbedding f would be extremely
valuable.

This series of papers is essentially concerned with sufficient conditions for
quasisurjectivity. One of the main problems in this direction is to insure
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quasisurjectivity in terms of function theoretic properties of the holomorphic
mapping. In this light, such sufficient conditions are useless unles one can
apply them to concrete cases. This explains the concern with mappings C*
rather than into P,C and the replacement of the Fubini-Study metric by the
flat metric of C*, (Appendix of Part III [16], and Theorems 1 and 2 of this
paper), for the Fubini-Study metric is computationally untractable. The Co-
rollary to Theorem 1 of this paper is a weak result, but represents a first step
in this direction. Among other things, I would like to pose the following three
problems:

Problem 9. Every holomorphic function ¢: C* — C gives rise to a holo-
morphic mapping f,: C* — C* by (d¢/8z,, - - -, d¢/0z,) (Gauss map). When
is f, quasisurjective?

Problem 10. Let {f;;} be n* holomorphic functions of a single variable.
Are nondegenerate holomorphic mappings of the type (f.,€z}- - - f,.(2}, -+
faz) - - - f22(2,)) quasisurjective?

Problem 11. If f: C* — C™ is quasiconformal with respect to the flat
metrics, then f is quasisurjective.

Note that quasiconformality with respect to flat metrics can be expressed in
purely function theoretic terms. See [14, Appendix].

The following problems are perhaps of secondary importance, but we list
them because they still seem to be of some interest.

Problem 12. fe 2 — Q iff it omits an open set.

Problem 13. Are there nonlinear quasiconformal mappings of C* — C*
with respect to the flat metrics?

Problem 14. Construct nonlinear quasiconformal mappings of C* — P,C
with respect to the Fubini-Study metrics.

As a background for Problem 14, one should recall that such mappings are
always quasisurjective (Corollary 4, Part III [16]) and note that every linear
map C* — C* C P,C is necessarily quasiconformal with respect to the Fubini-
Study metrics.

Finally, it remains to note that the compact open topology may not be the

“right” topology to put on s# from the point of view of equidistributions. Let
us denote by s#°* the set of holomorphic mappings from C* — P,C equipped
with the uniform topology, i.e., a typical neighborhood of f: C, — P,C is
{g: sup dist (f(p), g(p)) < ¢}, where ¢ > 0 and dist (, ) is the global distance

pPEC™

function of the Fubini-Study metric. Note that convergence in this topology
implies uniform convergence of derivatives of all orders. Regarding this J#*,
we have the following theorem by virtue of Theorem 2 and Corollary 4 of
Part 111 [16].

Theorem 4. If f: C* — P,C is either of bounded distortion or quasi-
conformal with respect to the Fubini-Study metrics, then there is a neighbor-
hood of f in A#* consisting of quasisurjective mappings.
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On the other hand, if f: C*—P,C omits an open set (e.g. Fatou-Bieberbach
map), then clearly some neighborhood of f in s#* will consist of mappings
omitting an open set. Thus, if Q denotes the quasisurjective members of #*,
then both Q and s#* — Q will have interior.

Problem 15. ( has isolated points.

Problem 16. Give necessary and sufficient conditions for fe Q to be an
interior point.

Problem 17. Describe s#*, Q and s#* — Q in terms of arcwise-connec-
tivity.

Now if Problem 12 should have an affirmative solution, then every point of
H#* — Q will be an interior point so that #* — Q will be open in s#*. On
the basis of this, let us pose a very vague question:

Problem 18. Can one express in a quantitative way the fact that Q is a
“smaller” set than »#* — Q?
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